Abstract. The gravitational wave (GW) detection of a binary neutron star inspiral made by the Advanced LIGO and Advanced Virgo paves the unprecedented way for multi-messenger observations. The propagation speed of this GW can be scrutinized by comparing the arrival times between GW and neutrinos or photons. It provides the constraint on the mass of the graviton. f(R) gravity theories have the habitual non-zero mass gravitons in addition to usual massless ones. Previously, we show that the model independent f(R) gravity theories can be constructed from the both background evolution and the matter growth with one undetermined parameter. We show that this parameter can be constrained from the graviton mass bound obtained from GW detection. Thus, the GW detection provides the invaluable constraint on the validity of f(R) gravity theories.
The action of the general f(R) gravity theories are given by
where κ 2 = 8πG/c 4 , f (R) is a general function of the Ricci scalar R, and L (m) is the matter Lagrangian. The so-called metric formalism gravitational field equation is obtained from the variation of action, Eq(1) with respect to the metric
where F = ∂f /∂R, = ∇ α ∇ α , and T
(m)
µν is an energymomentum tensor of the matter. The trace of the field equation is given by
In order to invoke the gravitational waves, one needs to investigate the linearized theory of f(R) in vacuum, T (m) = 0. The linear perturbations on the metric h µν is written as g µν =ḡ µν + h µν where |h µν | |ḡ µν | ,
Send offprint requests to: skylee2@gmail.com whereḡ µν is the background metric. One expands the Ricci tensor and scalar curvature up to the first order
One can rewrite the Eq.(3) by using the linear approximations Eqs.(4)-(6)
where F ,R ≡ ∂F/∂R. If one adopts the Lorentz invariant harmonic coordinate condition
then one obtains ∇ µ ∇ ν h µν = (1/2) h and the linear order scalar curvature in Eq.(6) is simplified
As a viable f (R) theory, the background evolutions given by Eqs. (2) and (3) 
where Λ is the cosmological constant. If we use the conditions Eqs. (10) and (11) with the harmonic gauge in Eq. (8) , then the linear perturbation Eq.(7) becomes
where we use F ,R [R] = 0. The plane wave solution for a non-zero graviton mass
where q µ is the four momentum, h is the Planck constant, p is the magnitude of spatial vector p, ω g is the frequency, and the graviton's Compton wavelength is
Thus, one obtains the frequency dependent massive graviton velocity given in Eq. (16) . Now, one can rewrite Eq. (12) with this solution to obtain
Two solutions for m 2 g are given by
The second solution of the massive graviton has the opposite sign compared to the one in the reference [1] . This stems from the sign mistakes of the linearized gravity Ricci tensor and the scalar curvature in that literature. Our second solution for the massive graviton is consistent with a tachyonic graviton of the de Sitter space shown in [2] . A massless graviton in the de Sitter space seems to appear as a tachyonic particle in Minkowski space. However, the vacuum solution for GR isR = 0 (F ,R [R] → 0) and thus the sign of m g2 does not matter. Thus, we focus on the first solution to obtain the constraint on the f(R) gravity models. All the viable f (R) models have a third gravitational wave mode which is massive. This key point, which represents an important difference with the scalar-tensor theories of gravity [3] . Before we scrutinize the m g1 , we summarize the current observational mass bounds on the graviton in table.1. If there exists a massive-graviton, then it propagates at a frequency dependent speed due to the change in the dispersion relation and it also induces the Yukawa type gravitational potential, (GM/r)e −r/λg . This exponential dependence of the gravitational potential would cause a cut-off of the gravitational interaction at large distance. This sets the upper limit on the graviton mass. No observational evidence for this cut-off in the solar system set the lower limit on the graviton Compton wavelength, λ g > 2.8 × 10
12 km [4, 5] . The fact that the super-radiant instabilities in supermassive black holes (SBH) have never been observed puts the lower limit on λ g > 2.5 × 10 13 km [6] . The model dependent (e.g. the dark matter assumption) investigation on the large scale dynamics of the galaxy clusters provides λ g > 6.2 × 10 19 km [7] . From the modification of the relation between the lensing parameter and the density fluctuations due to the modified Poisson equation gives λ g > 1.8 × 10
22 km [9] . From the observed orbital decay rate of the binary pulsars PSR B1913+16 and PSR B1534+12, one obtains the lower limit on λ g > 1.63 × 10 10 km [11] . The fact that GW150914 shows the no dispersion on the gravitational waves propagation derives a dynamical lower bound λ g > 1.3 × 10 13 km [12] . The current observational upper bounds on the graviton mass from the mentioned lower bounds of the Compton wavelength by using m g = h/(λ g c) are listed in table. 1 .
There have been studies on the constraining f(R) gravity theories from the gravitational waves through the upper limit on the graviton mass [1, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] . We apply this to the general f(R) gravity models construction method developed recently [35] . Also, one might be able to distinguish the f (R)-gravity from the scalar-tensor theories of gravity through the analysis of the interferometer response functions [3, 36] . One can construct general f(R) gravity models from the observed values of both the dark energy equation of state, ω and the matter growth index parameter, γ where the matter density fluctuation contrast, δ m is parameterize as d ln δ m /d ln a ≡ Ω γ m . From the action given in Eq.(1), one can derive equations for both the background and the matter perturbation [35, 37, 38, 39] [40, 41] . Also the parametrization of the growth rate of the matter perturbation is written as d ln δ m /d ln a ≡ Ω γ m by adopting the parametrization of the growth rate index parameter γ = γ 0 + γ a (1 − e n ) given in [39] . From these, one can rewrite Eqs.(21)-(23)
≡ Ω m0 e −3n (1 + g [Ω m0 , ω 0 , ω a , n]) ,
where
and
All of the quantities in the above equations H/H 0 , H /H, F/F 0 , P, M , and A are dimensionless. One can numerically obtain γ 0 and γ a from Eq. (23) for the given values of Ω m0 , ω 0 , ω a , and k when M 0 = M (n = 0) is determined. After obtaining γ 0 and γ a , one can solve for F /F 0 given in Eq. (33) to obtain dynamics of f and F (i.e. to determine the f(R) models). In the previous work, M 0 is the free parameter [35] . However, if one uses the upper bounds on the graviton mass induced by f (R) gravity, then one can constrain the magnitude of M 0 . We show this by using Eq.(19) with above Eqs. (24)- (33) . One can rewrite m g1 given in Eq.(19)
where we use the fact that F/F ,R f /H at low z in the approximation and also use Eq.(31) in the last equality.
If we measure the present value of m g1 , then the above equation (34) becomes
(35) Thus, the upper bound on the present value of the gravitational wave constrain the lower bound on the current value as M 0 which cannot be determined from the model. M 0 depends on the scale k and we show the relation between m ). This is depicted as a dot-dashed line in the figure. The upper dotted line describes the gravitational wave mass bound from galaxy cluster [7] . The gravitational mass bound from weak lensing [9] is indicated as the lower dotted line in the figure. If the gravitational wave mass bounds adopted from the galaxy cluster, then one can put the constraints on M 0 ≤ 10 −4 or 0.9 for k = 0.01 h/Mpc and 0.1 h/Mpc, respectively. M 0 → 0 is the general relativity (GR) limit and it gives the divergence of the graviton mass. Thus, there should be lower limit on the M 0 . This means that if one can measure the graviton mass, then one can not only distinguish the f(R) gravity from the GR but also specify the model more accurately. The above approximation in Eq. (35) are background evolution independent. The background evolution dependence on graviton mass come from the second term in Eq.(35)
where we use Eqs. (21) and (31) . R, R , a, H, and Ω m depend on background model. Thus, the present values of this term is given by 2 3
(37) We show the background dependence of m g1 in Fig.2 . We fix the scale k = 0.1h/Mpc and M 0 = 10 −3 . m g1 is dominated by the first term of Eq,(35) at the late time and it is model independent. The background model dependence of m g1 comes from the second term of that equation and it become large as z increases. The solid line depicts the change of the graviton mass as a function of z when Ω m0 = 0.32. As z increases, magnitudes of both R and R increase and it causes the increase of the graviton mass at higher z. The dashed and dot-dashed lines correspond Ω m0 = 0.30 and 0.27, respectively.
Conclusions
First, we correct some mistakes in the previously known graviton masses of f(R) gravity models. We provide the model independent reconstruction method of f (R) gravity theories from both the background observations and the perturbations one in our previous work. We improve this method with the further constraint on M 0 by adopting the upper bounds on the graviton mass. This will provide the method to distinguish f (R) gravity from the general relativity. It also gives the further specification of the model itself by constrain M 0 value. We also show the graviton mass dependence on the cosmological parameters, ω and Ω m0 . We explicitly show the dynamical evolution of the graviton mass for the different values of cosmological parameters. If the graviton mass is obtained in future observations, then f (R) gravity model will be specified very accurately. [7] and the lower dotted line indicates its bound from weak lensing [9] . We use H0 = 1.34 × 10 −32 h (eV). 
